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Throughout his paper G will denote the general linear group GLn(2), n >2. 
shall denote the set of all non-zero vectors (points) of the vector space, Vn(2 ), of 
dimension  over a field with two elements. It is well-known that G acts two 
transitively on ~ and that if Z denotes the permutation character of this action, then 
Z = 1 + 0 where 1 denotes the identity character of G and 0 is an irreducible character 
of G. 0(g), g ~ G, can be evaluated as soon as the number of fixed points of g on 
is known. A two-dimensional subspace of Vn(2) is called a line and an (n-1) -  
dimensional subspace a hyperplane. A and H will denote the set of all lines and 
hyperplanes respectively. 
In [2] Steinberg uses the action of G on certain geometric entities to find a number 
of characters of G similar to some characters of @n- Lemmas 1 and 2 of this paper 
are deduced from [2] and will be described after the introduction. 
Let A be the set of all ordered pairs (o, V) where V is a hyperplane and o is a point 
outside V. For convenience we write A as follows: 
A = {(v, V)Iv  V n,v  V}. 
Then clearly G acts transitively on A, ]A]=2"-1(2 n -  1), and for (Oo, Vo)~A we 
have H= Gt~o, v0)=-GLn_ 1(2). In this paper, using elementary methods, we find the 
irreducible constituents of the permutation character of G acting on A. In fact if 
denotes this permutation character, then we will show that ~ = 1 + 20 + ~0 + ~ where 
0, ~0 and qs are irreducible characters of G. We have already mentioned 0 and the 
character ~0 is obtained in [2] and is described in Lemma 2 of our paper. But, 
evidently the irreducible character ~t is not covered in [2] and we will find a formula 
which enables one to evaluate ~ on G in terms of X and consequently 0. This will 
be shown to be as follows: 
+ x(g3) -x (g )  for all g G. 
3(X(g) - 1) 
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Since X = 1 + 0, so qt(g) is readily computable in terms of 0. Hence ~ is an irreducible 
character of G Of degree T ~(2 n - l -  1)(2 n 1) and ¢t(g) can easily be evaluated in 
terms of the number of fixed poins of g, g2 and g3 on ~. We also show that 0 [1~1 
has exactly two irreducible constituents and that 0 [1'1 =tp+ q/. Throughout his 
paper 1HT G denotes the induction of the identity character of the subgroup H to G. 
We quote the following two lemmas which are deduced from [2]. 
Lemma 1. Let :~1 denote the permutation character of  G acting on A. Then 
(a) X~ = 1 + 0 for n = 3, 
(b) XI = 1 +O+r / fo r  n> 3, where rl is an irreducible character o f  G of  degree 
r/(1) 4 n =T(2 - 1 ) (2  n -3  1). 
Lemma 2. Let F denote the set o f  all ordered pairs (o, 1) where u is a point and l 
is a line passing through o. Let Z2 denote the permutation character o f  G acting on 
F. Then 
(a) Z2 = 1 + 20+ ep for  n= 3 where (o is an irreducible character o f  degree 8 of  
GL3(2), 
(b) X2 = 1 + 20 + rl + (o for  n > 3 where ~o is an irreducible character o f  degree 
¢p(1)=~(2 n - l -  1)(2 n -2 -  1) of  G. 
For our purpose it is necessary to evaluate ~2 in terms of X. This is done in the 
following lemma. Note that we consider G as a permutation group on #. 
Lemma 3. z2(g) = ~-x(g)(z(g) - 1) + l (x (g2  ) - x(g)) for all g e G. 
Proof. Let g be any element of G and consider G as a permutation group on ~. 
Then for any (o, l )~/"  fixed by g the cycle structure of g on l must be either 13 or 
12. However the number of elements (o, 1) of F fixed by g such that g has cycle struc- 
ture 13 on l i s  
-~X(g)(x(g)- 1) x 3 =-~x(g)(x(g)- 1). 
And the number of elements (v, 1) of F fixed by g such that g has cycle structure 
12 on 1 is equal to the number of 2-cycles in the cycle structure of g, that is 
~-(x(g2)-X(g)). The lemma is proved. 
The following lemma is essential in our result. This is a consequence of Lemma 
2 in [1]. 
Lemma 4. Let G be any finite group actiang on finite sets g21 and 122 transitively. 
Let HI and H 2 denote the stabilizers of  an element of g21 and 122 respectively. 
Finally let 01 and Q2 denote the permutation characters of  G acting on 121 and 122 
respectively. Then (~1,Q2)= (1HI To, 1H2 Ta) is equal to the number o f  orbits o f  HI 
(/42) on ~2 (~). 
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Proposition 5. Let ~ denote the permutation character of G acting on A. Then 
~= lHTC = l + 20+q~+ q/ 
where q/ is an irreducible character of G of degree qJ(1)= ~-(2 n - l -  1)(2 n -  1). 
Proof. Keeping fixed the notations so far used, we have, by Lemma 4 that (~, ~)= 
( ln  TG, In  TO) equals the number of orbits of H= G(oo, vo) on A where V o is a 
hyperplane and oo a point outside Vo. However these orbits are easily found to be: 
AI= 
d2= 
d3= 
d4= 
As= 
A6= 
{(Oo, Vo)}, Ia~] = 1; 
{(Oo, V)l v .  Vo, Vo~ v},  
{(~, go)l O*Oo, O~ Vo}, 
{(v, v)[oCVo, v=/= 
{(o, v)l O.Vo, v. 
{(o, v)l O*Oo, v .  
A7= {(o, V)]or/=o O, V:/: 
Whence (~, ~) = 7. 
IA2[ =2 " -1 -  1; 
IA3[=2" - l -  1; 
Vo, v~ V, oe Vo, voe V}, 
Vo, v¢ V,v~ Vo, ooe V}, 
Vo, o~ V, ve Vo, oo~ V}, 
Vo, o¢ V,v~ Vo, roe v}, 
]A41 = 2n-2(2 n- 1 _ 1); 
[A5I = 2n-2(2 n - l -  1); 
IZI61 = 2n-2(2 n - l -  1); 
IA7] = (2n- l - 1) (2" -2-  1). 
Now, by Lemma 4, (~,)C) equals the number of orbits of H= G(oo, Vo) on ~. 
These orbits are as follows: 
I ,l=l; 
~2- {ul O¢Oo, V~ Vo}, ]~21 =2"-1- 1, 
~3={u[U¢Oo, u~Vo}, [~31 =2n-1 -  1. 
Therefore (~, ~)= 3. Up to this point, as :~ = 1 + 0, we must have ~ = 1 + 20 +--- 
where the number of missing irreducible constitutents of ~ is two and each has 
multiplicity one. Further we calculate the number of orbits of H on A. These are 
easily found to be: 
Al={leA[voe l} ,  [At[ =2n-1 -  1; 
A2 = {l ~ A ] l lies entirely on Vo}, ]A2] = ~-(2 n-2 _ 1)(2 n- 1 _ 1); 
A~--{l~A]uo¢l, lmeets V0}, ]A31 = (2n- 1 - 1)(2n-2- 1). 
Hence (~, Xl )= 3 and, by Lemma 1 the permutation character ~ does not contain q 
as a constituent. 
Now for (~, X2) we must f ind the number of oribts of H= G(v0, v0) on the set F 
which contains all the pairs (v, 1) where v is a point and l is a line passing through 
v. Again simple arguments yield the following orbits of H on F:  
FI= {(oo, l)[voel}, [/ '1[=2 n - l -  1; 
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r2= {(o,l) 
r3={(o, l )  
G={(o,l) 
G={(v,1) 
r6={(o,l) 
Therefore 
once. Thus 
]oel, og:Oo, voel, o~ V0}, IF2[ =2n- l -  I; 
[o~l,o*Oo, oo~l,o~ Vo}, IF31 =2 " - l -  1; 
[oel, o*Oo, Oe Vo, l is a line of V0}, ]F41=(2 n-E- 1)(2 n - l -  1); 
]vel, og:Vo, Oe Vo, oo¢l, l meets V0in v}, [Fs l=(2n- l -1)(2n-2-1) ;  
]v~ I,o:/:Oo, oC. Vo, vo¢.I}, ]F6[=2(2n-l-1)(2n-2-1). 
(~, Z2) = 6 and in any case we get, by Lemma 2, that ~ must contain (0 
~= l +28+¢+ ~ where ~v is an irreducible character of G. As 
~(1) = 2 n- 1(2n- 1) and the degrees of 0 and (0 are known the rest of the proposition 
follows. 
Lemma 6. ~ can be evaluated on the whole of G in terms of  X according to the 
following formula: 
¢(g)=x(g)2-x2(g) 
where x2(g) is given in Lemma 3, g ~ G. 
Proof. ~(g), in fact, is the number of pairs (v, V) e A, fixed by g, that is to say, the 
number of pairs (v, V) where v is a point and V is a hyperplane not containing v 
such that both are fixed by g. But g fixes the same number of points and hyperplanes 
namely ;t(g). Hence ~(g) equals z(g)z(g) minus the number of pairs (0, V) fixed by 
g such that 0 e V. But, by [2], the number of these latter pairs is equal to the number 
of pairs (o, l )eF that are fixed under g, that is x2(g). Thus ~(g)=x(g)2-z2(g) as
asserted. 
Proposition 7. 01121=(0+ ~ where 0 [12] denotes the antisymmetric part of  the 
Kronecker product 0 x 0. 
Proof. By Proposition 5 and Lemma 6 we have 
~(g) = 1 + 20(g) + (0(g) + ~v(g) = g(g) 2 - x2(g)- 
If we substitute z(g)= 1 + 0(g) and the value of z2(g) given in Lemma 3, after 
simplifying both sides of the above equation we get 
(0(~) + ~,(~) = ~(o(~) 2 -  O(g2)) = ot121~,) 
and the proposition is proved. 
Remark 8. If we substitute x(g) = 1 + 0(g) in Lemma 3 we get 
x2(g) = ½(O(g) 2 + O(g2))= 0t21(g) 
and by Lemma 2 its irreducible constituents are known. 
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Remark 9. The irreducible character ¢/is not covered in [2]. Using Lemmas 1, 2 and 
6 and Proposition 5 we obtain 
~(g)= z(g)E- )~(g)- 2ZE(g)-k Xl(g) for all g ~ G. 
To evaluate ~ in terms of )f it is enough to calculate )fl (g) for all g e G. This is 
done as follows: 
Lemma 10. 
;el(g) =-~-z(g)(X(g)- 1) ' ' (Z "-2" -r T ~ ; - z (g ) )+ 
for all g e G. 
x(g3 ) - x(g) 
3(x(g) + 1) 
Proof.  As in Lemma 3 consider G as a permutation group on ~. For g e G, ~l(g) 
is the number of lines fixed by g. If a line l e A is fixed by g, then the cycle structure 
of g on l may be one of 13, 12 or 3. Let fix(g) denote the set of fixed points of g 
acting on ~. Since any two elements in fix(g) span a line which is fixed by g, the 
number of lines fixed by g such that g has cycle structure 13 on them is equal to 
2 / /k ,2 ]  
The points in every 2-cycle in the cycle structure of g acting on ~ span a line that 
is left fixed by g and g has cycle structure 12 on it. Conversely, if g fixes the line 
l and has cycle structure 12 on it, then the 2-cycle spans 1. Therefore the number 
of lines that are fixed by g such that g has cycle structure 12 on them is equal to 
the number of 2-cycles of g on ~, that is, ~()c(gE)-x(g)). 
Finally, we must calculate the number of lines that are fixed by g Such that g has 
cycle structure 3 on them. The totality of 3-cycles in the cycle structure of g acting 
on ~ is ~()f(g3)_)f(g)). A 3-cycle may span a line or a plane. If a and b denote the 
number of 3-cycles that span a line or a plane respectively, then 
a + b =~-(g(g 3)-X(g)). Suppose (u o w) appears in the cycle structure of g and 
{ u, o, w} spans a line. Hence we may assume w = u + u. If x e fix(g), then u, o, x is a 
plane fixed by g and 
o u+o)(u+x o+x u+v+x)  
where (u +x, v +x~ u + o +x)  spans a plane. Conversely, if (u v w) appears in he cycle 
structure of g and {u, o, w} spans a plane, then 
o+w u+w) 
where (u + v, v + w, u + w) spans a line fixed by g. Therefore at (g)= b. Now from 
the equations a+ b =-~(X(g 3) -X(g)) and ax(g)= b we obtain 
x(g3)-x(g) 
a= 
3(x(g) + 1) 
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and the lemma is proved. 
Proposition 11. The irreducible character ~, can be evaluated, in terms o f  Z on the 
whole of G according to the following formula: 
9/(g)=-~z(g)(z(g) - 1) - -~(x(g2) -z (g ) )+ x (g3) -z (g )  fo r  all g ~ G. 
3(z(g) + 1) 
Proof. Taking into account Remark 9 and inserting the values of %1 and Z2 in terms 
of X obtained in the Lemmas 3 and 10 the proposition follows. 
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